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INTRODUCTION 
Among the different types of orbits present in a smooth dynamical system, 
none have more significance than homoclinic orbits. A point is called 
homoclinic if it is lies in the intersection of the stable and unstable manifold 
of a periodic point. The point is heteroclinic if it lies in the intersection of the 
stable and unstable manifold of two distinct periodic points. The orbit of a 
homoclinic point is forward and backward asymptotic to the periodic orbit. 
Smale [ 131 has shown that, if a homoclinic point is nondegenerate (i.e., the 
stable and unstable manifolds of the periodic point meet transversely at the 
homoclinic point), then there exists a compact invariant set on which the 
dynamical system is equivalent to a shift automorphism. This implies, among 
other things, that there are infinitely many distinct periodic orbits in the 
system and that the system has positive topological entropy. Hence the 
presence of one nondegenerate homoclinic point in a dynamical system is 
enough to guarantee the existence of much additional “chaotic” behavior. 
An important problem is to find a method for proving the existence of a 
homoclinic point in a given dynamical system. Unfortunately, no such 
method works in general, but there has been some work done for special 
classes of dynamical systems. McGehee and Meyer [8] have shown that, for 
area preserving diffeomorphisms of compact two-dimensional manifolds, 
hyperbolic periodic points always admit homoclinic points (or, at least, 
chains of heteroclinic points). However, the assumption of area preservation 
cannot be dropped and their arguments depend heavily on the two dimen- 
sionality of the system. Using methods developed by Weinstein [ 141, Moser 
[ 111 has shown how to extend some of these results to symplectic 
diffeomorphisms in higher dimensions. In a different setting, the method of 
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Melnikov [7] (see also Holmes [5]) can often be used to show that certain 
degenerate homoclinic points become nondegenerate under perturbation. 
However, to apply this method, one must already have the existence of a 
homoclinic orbit in the unperturbed system. 
Our goal in this note is to present a method for finding homoclinic points 
for reversible diffeomorphisms. Our method is geometric and differs 
completely from that of McGehee and Meyer. It allows us to prove the 
existence of homoclinic and heteroclinic points which are not necessarily 
nondegenerate, but which nevertheless are stable in the sense that they 
cannot be removed under perturbation within the class of reversible systems. 
We will illustrate our method by applying it to a two parameter family of 
quadratic mappings of the plane first studied by H&on 141. This family is 
given by 
x,=A-By-x’, 
y, =x. 
The Jacobian determinant of this mapping is equal to B. Therefore the 
mapping is area preserving when B = 1. It preserves area but reverses orien- 
tation when B = -1. We will confine our attention to these two values of B 
and regard the H&on mapping as a one parameter family of area conserving 
diffeomorphisms. 
Our method allows us to prove the following two bifurcation results 
concerning the H&on mapping. 
THEOREM A. Fix B = 1. 
(i) If A < -1, then there are no periodic points for the H&on 
mapping. 
(ii) Zf A = -1, there is aflxedpoint at (-1, -1) and no otherperiodic 
points. 
(iii) For all A > -1, the H&on mapping admits a homoclinic point. 
Furthermore, there are infinitely many periodic points for each value of A. 
THEOREM B. Fix B = - 1. 
(i) If A < 0, then there are no periodic points for the area reversing 
H&on mapping. 
(ii) If A = 0, the origin is a fixed point and there are no other 
periodic points for the mapping. 
(iii) For all A > 0, there is a chain of heteroclinic points for the 
mapping and, moreover, there are infinitely many additional periodic points. 
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For the area preserving and reversing Henon mapping, it follows that the 
bifurcations which produce the first fixed point are much more complicated 
than the usual saddle-node bifurcations which occur in nonconservative 
systems. This bifurcation point must be an accumulation point of bifur- 
cations; infinitely many periodic points must arise in any parameter interval 
containing the initial bifurcation point. 
This in particular shows that chaotic behavior in conservative systems 
need not arise via a sequence of period doubling bifurcations, as is common 
in other systems. Homoclinic bifurcations produce chaos immediately. 
2. REVERSIBLE DIFFEOMORPHISMS 
For simplicity we consider only diffeomorphisms of m2n in this section, 
although all definitions and results go over immediately to arbitrary even 
dimensional manifolds. Let R be a smooth diffeomorphism satisfying 
(i) R 0 R = identity, 
(ii) the dimension of the fixed point set of R, Fix(R), is II. 
R is called a reversing involution. A diffeomorphism F of iRz” is called R- 
reversible if R o F = F-’ o R. The motivation for this terminology comes 
from mechanics. Consider a simple mechanical system on iR” defined by the 
second order differential equation Q’= -grad V(q). Introducing the velocity 
vector v = q, this equation may be viewed as a vector field on iRa” given by 
9 = v, 
v = -grad V(q). 
Define R(q, v) = (q, -v). R is a reversing involution of iR*“. Let (pt be the 
time t mapping associated to the flow of this system. An easy computation 
shows that 
Rv,(q, v> = v-J@, ~1. 
Since o-, = (9,)-I, it follows that ot is R-reversible. The solution of the 
differential equation starting with initial condition (q, -v) is the same curve 
q(t) in IR” only traversed in the opposite direction. This is the classical 
notion of reversibility. 
R-reversible diffeomorphisms need not be volume preserving, however, 
they do have some special symmetry properties. Note that, from the 
definition, (F o R)* = identity, so that F o R is an involution, say U. Since 
R = R-‘, it follows that we may write F = U o R, i.e., as a composition of 
two involutions. 
HOMOCLINIC BIFURCATIONS 251 
Certain periodic points for reversible diffeomorphisms are easy to find; 
these are the symmetric periodic points described in the following 
proposition. 
PROPOSITION. Let pE Fix(R) and suppose Fk(p) E Fix(R). Then 
Fzk(p) = p. 
Proof: We have Fk(p) = RFk(p) = FpkR(p) = Fpk(p). Hence 
Fzk(p) = p. Q.E.D. 
Hence symmetric periodic points may be found geometrically: one need 
only look for self-intersections of the fixed point set of R under iteration of F. 
Certain homoclinic points of R-reversible diffeomorphisms are also found 
geometrically, as shown by the following: 
PROPOSITION. Let p E Fix(R) be a symmetric fixed point for F and let 
W’(p) and W”(p) denote the stable and unstable manifold of p. Then 
R(W”(p)) = WS(p) and R(W”(p)) = V(p). In particular, if q E W”(p) ~3 
Fix(R), then q is a homoclinic point. 
Proof: Let x E V(p), so that lim,,, F-“(x) = p. Thus we have 
p = R( ,l\l F-“(x)) = n’it F”(R(x)), 
so that R(x) E W’(p). Hence R W’(p) c W’(p). One has similarly 
R W’(p) c V(p), so that R W’(p) = W’(p). 
If q E V(p) n Fix(R), then q = R(q) E W’(p) n Fix(R) as well, so that 
q is a homoclinic point. Q.E.D. 
Therefore, to produce homoclinic points for reversible diffeomorphisms, 
one need only find intersections of W’(p) with Fix(R). As we show below, 
this is often easy to do. We remark that both of the above propositions are 
true in much more generality. We refer to Devaney [2] for more details. 
Homoclinic points which also lie in Fix(R) are called symmetric 
homoclinic points. Such a point is called a regular homoclinic point if the 
unstable manifold (and hence also the stable manifold) meets Fix(R) 
transversely at the homoclinic point. We emphasize that regular symmetric 
homoclinic points need not be nondegenerate (i.e., the stable and unstable 
manifolds need not cross transversely at such a poinr). Indeed, the stable and 
unstable manifolds could both be tangent to the -1 eigenspace of the 
derivative of R therefore meeting Fix(R) transversely, but not each other. An 
example of this is sketched in Fig. 1. 
It is an easy exercise to prove that nondegenerate symmetric homoclinic 
points must be regular. Therefore the notion of regularity is weaker than 
nondegeneracy. In applications, it is often easier to verify regularity, and, 
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FIGURE 1 
more importantly, regularity gives rise to infinitely many distinct periodic 
points nearby. 
PROPOSITION. Let p be a symmetric fixed point and let q be a regular 
symmetric homoclinic point in W’(p). Let N be any neighborhood of p in 
Fix(R). Then there exist infinitely many symmetric periodic points in N. 
Proof: Let P be an open disk in W”(p) about p and let Q be an open 
disk in Fix(R) about q. By the l-lemma of Palis [ 121, for any E > 0, there is 
an integer n and an open subset Q, c Q such that F”(Q,) is C’ - E close 
to P. Note that P meets N transversely at p. Hence we may choose E small 
enough so that R’(Q,) is transverse to N at a point qn near p. Hence q,, and 
F-“(9,) E Fix(R), and it follows from the first proposition that q, is a 
symmetric periodic point of period 2n. Q.E.D. 
Not all periodic points of a reversible diffeomorphism are symmetric; 
however, nonsymmetric periodic points must occur in pairs. Indeed, if p is a 
fixed point for Fk, then R(p) is also fixed by Fk by reversibility. Arguments 
as above extend easily to the nonsymmetric case to prove: 
PROPOSITION. Let p be a nonsymmetric periodic point. Suppose q E 
W’(p) n Fix(R). Then q E W’(p) ~7 W’(R(p)). 
Thus certain heteroclinic points can be found geometrically just as 
symmetric homoclinic points. Regular symmetric heteroclinic points are 
defined just as regular homoclinic points. The following proposition is 
verified in a manner similar to the above. 
PROPOSITION. Let F be an R-reversible dtQTeomorphism of the plane and 
suppose p is a nonsymmetricjked saddle point for F. Suppose one branch of 
W”(p) and one branch of W’(p) meet Fix(R) transversely. Then there exist 
infinitely many symmetric periodic orbits which enter any neighborhood of p 
and R(p). 
HOMOCLINIC BIFURCATIONS 259 
3. THE AREA PRESERVING HBNON MAPPING 
In this section we apply the results of the previous section to the mapping 
x,=A-y-x*, 
y,=x, 
which we denote by FA. The inverse of FA is given by 
X-1=Y, 
y-pA-x-y*. 
The Jacobian determinant of FA is identically equal to 1, so FA preserves 
area. FA is a special case of the family of quadratic mappings studied by 
HCnon [4]. Henon’s version of this mapping is somewhat different; however, 
the two formulations are related by a simple change of coordinates as in [3]. 
It is easy to verify that FA has no fixed points if A < -1, a unique fixed 
point if A = -1, and two fixed points if A > - 1. Devaney and Nitecki [ 31 
have shown that these are the only periodic points for FA when A < -1. 
Hence we confine our attention to the case where A > -1. The two fixed 
points when A>-1 are given by x=y=-1-&$A, and x=y= 
-1 tdm. We denote the first of these points by P, and the second by 
P,. It is an easy matter to check that P, is a saddle point for all A, whereas 
P, is elliptic (both eigenvalues of dF, of modulus 1) for -1 < A < 3, and 
hyperbolic with reflection for A > 3. Our goal is to show that WU(Rh) n 
WS(ph) is nonempty for all A > -1. 
Let R(x, y) = (y, x) be a reversing involution with Fix(R) given by the 
line y =x, which we will denote by A. One checks easily that R o F, = 
F;l 0 R, so that FA is R-reversible for all A. The fixed points P, and P, both 
lie on A and therefore are symmetric fixed points. We will show that WU(Rh) 
meets Fix(R) transversely for all A > -1. 
To prove this we first need some preliminary notions. A compact region H 
in the plane is called overflowing in the x-direction for F,., if for any 
(x0, y,) E int(H), then x, > x,,. That is, the x-coordinate function is a strict 
Liapunov function for points in the interior of H. We will make repeated use 
of the following observation. If H is overflowing in the x-direction for FA, 
then the forward orbit of any point in the interior of H must have one of two 
fates. Either the forward orbit is asymptotic to a periodic point of FA (which 
must lie in the boundary of H), or else some iterate of the point must 
leave H. The first point of exit for such a point must then lie in 
FA(H) - int(H). 
The notion of overflowing in the y-direction is defined analogously. 
We now prove that F,,, admits a symmetric homoclinic point of A > -1. 
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Let r denote the horizontal line given by y = -1 - Jl + A, x > 
- 1 -m, beginning at P, . Let W denote the triangular wedge bounded 
by r and d. FA(r) is a piece of parabola opening to the left and meeting d at 
two points: P, and a second point (x, which lies to the right of P,. F,4(A) is 
also a parabola which opens to the left. F,(A) meets A only at P, and P,. 
Let H be the triangular region given by FA (IV) f? W. See Fig. 2. We claim 
that H is overflowing in both the x- and y-directions for FA. This may be 
proved geometrically. Let (x,, JJ,) E int(H). Consider the vertical line 
segment 1 passing through (x0, y,) and connecting r to A. The image of 1 
under Fd is a horizontal line segment connecting FA(r) to F,(A) and 
contained in the line y = x,. Any point on this line segment which lies in 
int(H) must therefore lie above and to the right of (x,, y,). In particular, if 
(x,, y,) E int(H), then x, > x,, and y, > y,. See Fig. 2. 
Note that FA(H) - int(H) is a region which lies on the opposite side of A 
from H. Hence any point in int(H) whose orbit leaves H must necessarily 
have an iterate which lies either on A, or else on the other side ofd. 
Now one may check easily that one branch of WU(ph) initially enters 
int(H). We claim that any point in W”(pJ must eventually cross A under 
iteration of FA. Hence IV@,,) must meet A. Since H is overflowing in the x- 
direction, by our observation above, the only other possibility for the orbit of 
such a point is that it remains for all time in int(H) and is asymptotic to the 
fixed point P,. This, however, is impossible. If -1 < A < 3, then P, is 
elliptic, and so all nearby points are rotated about P, by a certain nonzero 
angle. Therefore, no points nearby can remain for all iterations in H. If 
A > 3, then both eigenvalues of OFa at P, are negative. Both the x- and- 
y - coordinates of a point cannot simultaneously increase for all iterations 
near P, in this case. This proves that WU(ph) must meet A and gives the 
existence of a symmetric homoclinic point for all A > -1. 
To show that there is a regular homoclinic point for FA, we use an 
argument due to Conley. Since all points in WU(ph) must eventually cross A, 
there must be a point where WU(ph) crosses from one side of A to the other. 
FIGURE 2 
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FIGURE 3 
If this point of intersection is not transverse, then we may produce a 
transverse crossing nearby as follows. wU(p,J is an analytic curve. Hence 
the order of tangency with Fix(R) and therefore also with Ws(ph) is finite. 
By symmetry, IV&) must also cross lP(p,J. But F;“(Fix(R)) 
accumulates on IV(p,,) away from p,, in the Cl-topology. Hence for 
sufficiently large n, F,“(Fix(R)) meets W(p,J transversely. See Fig. 3. For 
more details, we refer the reader to Churchill and Rod [ 11. 
We remark that, because FA depends analytically on A, the set of 
parameter values for which the first symmetric homoclinic points along 
W”(p,J is not regular (or not nondegenerate), is discrete in the interval 
(-1, co). It is known that for large A, all homoclinic points for FA are 
nondegenerate (see Devaney and Nitecki [3]). We conjecture that at least 
this first symmetric homoclinic point is always nondegenerate. As evidence 
for this conjecture, we will present a piecewise linear model mapping which 
has this property in Section 5. 
4. THE AREA REVERSING H&NON MAPPING 
In this section we show that homoclinic bifurcations also occur in the area 
reversing version of the Henon mapping. Although the results in this case are 
different from the area preserving case, the proofs are similar in spirit, hence 
we merely sketch the proofs. It should be pointed out, however, that bifur- 
cations for area reversing diffeomorphisms have not been studied in the 
literature and our results below indicate that there are substantial differences 
between this and the area preserving case studied by Meyer [9]. 
The mapping we consider is 
x,=A + y-x*, 
y1=x, 
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with inverse 
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y-,=x-A + y2. 
We denote this mapping by G,. Let S(x, u) = (-x, -v) be the reversing 
involution whose fixed point set is the line L given by y = -x. One may 
check that G, is S-reversible. It is also easy to check that G, has no fixed 
points when A < 0, a unique fixed point when A = 0, and two fixed points 
P, = \/;r, fl) and p- = (-&, -a) when A > 0. Since P, and P- do 
not lie on L, they are nonsymmetric fixed points for G,. There is also a 
symmetric periodic orbit of period two given by (@, -@) and its GA- 
image, (--a, fl), when A > 0. Thus the bifurcation at A = 0 spawns two 
fixed points as well as a period two orbit. This is apparently the generic 
saddle node/flip bifurcation for area reversing mappings. When A = 0, the 
fixed point at the origin has eigenvalues + 1 and -1. Hence the bifurcation 
gives rise to two new fixed points (the saddle node) as well as a period two 
orbit (the flip bifurcation). 
Both P, and P- are saddle points for all A > 0 with one negative and one 
positive eigenvalue. For P- , the negative eigenvalue is the stable eigenvalue, 
while for P, , it is the unstable eigenvalue. For A small, the period two orbit 
is elliptic, although it eventually becomes, and stays, hyperbolic. 
We claim that the various branches of the stable and unstable manifold 
meet L as depicted in Fig. 4 for all A > 0. Note first that G,(d) is a parabola 
opening to the left, while G;‘(d) is given by reflecting G,(d) via S. Hence 
G,‘(d) is a parabola opening up. Note that G,(d) and GA ‘(A) meet for all 
A in four points, two on A (P, and P-) and two on L. See Fig. 5. Let H be 
the compact region containing P- and bounded by A, L, and G;‘(A). Using 
the geometric arguments of the previous section, we may prove that H is 
overflowing in the x-direction. Indeed any vertical line segment 1 connecting 
A (or L) to G;‘(A) in H is mapped to a horizontal line which lies to the 
FIGURE 4 
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FIGURE 5 
right of 1. It follows that any point in the interior of H must leave H under 
iteration of G,. But G,(H) - int(H) lies on the other side of L. Hence the 
orbit of any point in int(H) must meet or corss L. Since one branch of 
W”(P-) is initially trapped in H, it follows that all points in this branch 
must cross L. Therefore there is a symmetric heteroclinic point in W’(P-) n 
WV+ )* 
It remains to prove that both branches of wU(P+) and W’(P-) meet L. 
This is proved similarly to the previous cases, with minor modifications. Let 
W, be the sector bounded by the two rays, x = 0, y Q fi and y = 4, 
x >fi, emanating from P,. Let H, be the triangular shaped region in 
GA(WI) lying to the right of L. One may check that this region is over- 
flowing in the negative x-direction for the second iterate, Gf,. Therefore one 
of the branches of wU(P+) crosses L. 
For the other branch, we take another sector W, bounded by x = fl, 
y > 4, and y = fl, x < fl, and the region H,, consisting of all points in 
GA( IV) lying to the right of L. Again, H, is overflowing in the negative y- 
direction for G:, so that the other branch of W”(P+) also crosses L. This 
proves that all branches of the invariant manifolds at P, and P- meet as in 
Fig. 4. 
To prove that these heteroclinic points are regular, arguments as in the 
area preserving case can be used with no change. Therefore there are 
infinitely many symmetric periodic points for the area reversing H&non 
mapping for all A > 0. 
5. A PIECEWISE LINEAR MODEL MAPPING 
On may conjecture that the homoclinic and heteroclinic points produced 
in the previous sections are actually nondegenerate for all A for which they 
exist. This does not follow from our methods. However, this may be easily 
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verified for a certain piecewise linear model mapping. The idea of studying 
this mapping rather than the H&non mapping is due to Lozi [6]. Misiurewicz 
[IO] later showed that a dissipative version of this mapping actually admits 
a strange attractor. 
Consider the mapping H, given by 
x1=A + y-1x1, 
y, =x. 
The inverse is given by 
x-1 = Y, 
y-,=x-A+lyl. 
This mapping shares many of the qualitative features of the area reversing 
Henon mapping discussed in the previous section. There are two fixed points 
p+ and p- given by (&tA, fA) when A > 0. There is a periodic orbit of 
period two when A > 0 at (A, -A) and (---A, A). And the mapping is S rever- 
sible, where S(x, y) = (-x, -y). 
The fixed points p* are hyperbolic with one negative eigenvalue. Unlike 
the nonlinear mapping, the stable and unstable manifolds may be computed 
explicitly in this case. Their configuration is shown in Fig. 6. 
We claim that, for all A > 0, the stable and unstable manifolds ofp, meet 
transversely when they first encounter L. Indeed, one checks easily that part 
of IV@) lies along the line segment with slope 2/(1 + 8) < 1 connecting 
p- to a point on the positive x-axis. W(p+) is obtained by reflection 
through L via the reversing involution S. Hence W(p+) has slope > 1 and 
meets wU(p-) transversely at some point on L. 
The other invariant manifolds are more complicated to compute. One may 
verify that the stable manifold of p- contains the straight line segment 
FIGURE 6 
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connecting a0 = ((-1 - \/5)A/2,0) to a1 = F-‘(a,) = (0, (-3 - \/524/2). 
This straight line passes through p- and forms the local stable manifold 
at p- . The backward images of this line form the entire stable manifold. We 
compute 
a, = F-‘(a,) = ((-3 - fi)A/2, (1 + fi)A/2), 
a3 = F-‘(a,) = ((1 + fi)A/2, --24), 
a4 = F-‘(a,) = (-2-h (3 + &)A/2), 
a5 = F-‘(a,) = ((3 + fi)A/2, (-3 + fi)A/2). 
The stable manifold is then given by the broken line as, a3, (x1, p _, a,, , aI, 
a4. This line meets L at two points, one between a2 and a4, and the other 
between a3 and a5. See Fig. 6. 
One may compute the slopes of these segments easily. Between aI and a4, 
the slope of W(p-) is 2/(-l + 6) > 1, whereas between a3 and a5, the 
slope is (1 + fi)/2 > 1. Hence these segments meet their symmetric images 
in W”(p+) transversely. 
We remark that all of these slopes and eigenvalues are independent of A. 
This provides an indication that all of these mappings are conjugate to one 
another. This is indeed so, as one may check that the linear mapping 
X = x/A and Y = y/A gives a conjugacy between the mapping 
x, = 1 + Y - 1x1, 
Y, =x, 
and the above mapping. No such conjugacy exixts for the Henon mapping, 
however. 
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